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ABSTRACT. The Gaussian curvature term of the Helfrich energy is topo-
logical, and a theory posed at fixed topological type therefore discards it.
Membrane fusion is a sequence of topology changes, and we study what
that term records along one. The two leaflets divide such a pathway’s
surfaces into two classes, and the class imbalance A, the difference of
their director degrees, is insensitive to lipid tilt of any magnitude, equals
the difference of the two classes’ surgery numbers, and has the parity of
their sum, so hemifusion is an odd surgery number. For a surface of re-
volution the integrated Gaussian curvature depends only on the profile’s
radial direction at its endpoints, so a pore rim carries —4m whatever its
shape or its radii. Under a single saddle-splay modulus the energy de-
pends on the surgery number alone, and at the measured modulus one
surgery is 91 to 119kgT. That quantity is the whole discontinuity of
the Canham—Helfrich energy at a surgery and is independent of the pore
radius, so it enters no line tension, and the nucleation free energy repor-
ted for a pore is recorded before any rim exists; neither measurement
bears on it. Restoring the tension term gives the open pore a barrier
and a lysis tension. With the tube radius pinned the barrier is a func-
tion of x, £ and o alone and the saddle-splay modulus cancels from it;
with the tube radius relaxed the transition state sits at the aspect ratio
%(77—&— V72 — 8), where a pore trades no area, its energy is independent of
the tension, and three fifths of it is saddle-splay. Both readings put the
barrier in the hundreds of kT, as does every line tension in the meas-
ured range, so the barrier a membrane crosses is reached before any rim
exists and the rim is a post-nucleation object. A bilayer of half-thickness
£ has sup |K| < £72 and |2H(H? — K)| < 8/27¢2, its bending energy is
nonincreasing along the constrained gradient flow, and every topology
change requires W > 8, so all of them occur in an initial interval. A
disc of the surface carries at least 27 of bending energy less the total
geodesic curvature of its rim, and the two rims of a merge carry exactly
minus the inserted neck’s Gaussian curvature, so a merge dissipates at
least 4m — [, (H? — K)dA, which a pore attains. That floor is 47 for a
neck of vanishing area, 47(1 — tanh(w/a)) for a catenoidal one of waist
a and half-height w, and positive for any neck below 47¢? in area. At
the floor the whole pathway performs at most W(0)/2m — x(0)/2 — 1
events, which is kK — 1 for k£ round vesicles and is attained.
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FIGURE 1. The fusion pathway in meridional half-section,
each panel to be turned about the axis on its left. Prox-
imal monolayers are drawn in gold and distal in red, and the
two classes overlap in radius throughout, being separated in
height. Every turn is a half-circle meeting its two faces tan-
gentially, so its tube radius equals their half-separation. The
stalk and the diaphragm carry the same pair (1,0): a dia-
phragm is a stalk whose neck has widened, and no second
surgery has occurred between them. The diaphragm is an in-
termediate, and it decays by nucleating the pore inside itself,
which is the last transition drawn.

1. INTRODUCTION

Two lipid membranes that fuse pass through a sequence of intermediates.
Each membrane is a bilayer of two monolayers, or leaflets, and when two
vesicles are brought into apposition the leaflets facing the gap between them
are called prozimal and the leaflets facing away distal. Fusion begins when
the two proximal leaflets merge along a narrow neck, the stalk; the stalk
expands radially, bringing the two distal leaflets into contact across a single
new bilayer, the hemifusion diaphragm; and fusion completes when a pore
opens inside that diaphragm, joining the two distal leaflets and the two
interior compartments. The diaphragm is an intermediate: it forms, and it
then decays by nucleating that pore within itself [KCKO02].

Chernomordik and Kozlov review the process and the elastic models built
for it [CKO8], and the stalk and the diaphragm are treated quantitatively by
Kozlovsky and Kozlov [KK02] and by Kozlovsky, Chernomordik and Kozlov
[KCKO02].

Two features of this sequence matter here. Every step changes the topo-
logy of the surfaces involved, and the steps are distinguished by which leaflets
merge. A stalk merges two proximal leaflets and a pore merges two distal
ones, while the failure mode in which a vesicle ruptures merges a proximal
leaflet with a distal one. The Euler characteristic of the whole configuration
does not separate these, and the leaflet partition does.



LEAFLET INVARIANTS AND TOPOLOGY CHANGE IN MEMBRANE FUSION 3

The standard continuum model assigns to a closed membrane surface X
the Helfrich energy [Hel73]

E[xY] = 2/-;/2(Hc0)2dA + n/EKdA, (1)

with H the mean curvature, K the Gaussian curvature, ¢y the spontaneous
curvature, x the bending modulus and & the saddle-splay, or Gaussian, mod-
ulus. At ¢y = 0 the first term is the Willmore energy up to normalisation,
and the variational theory of Eq. (1) is well developed at fixed topology.
Willmore minimisers exist within each fixed genus, by Simon for the torus
and by Bauer and Kuwert above it, and the minimum over all surfaces of
genus one is attained by the Clifford torus, which is the Willmore conjecture
proved by Marques and Neves [MN12|. Under the constraint fixing the iso-
perimetric ratio, which is what a vesicle of given area and enclosed volume
imposes, Schygulla proved existence of a minimiser of sphere type at every
ratio [Sch11]; Keller, Mondino and Riviére carried that to every genus below
87 [KMR14|, and Kusner and McGrath built the comparison surface that
puts every genus and every ratio below 8w [KM21], so the constrained min-
imiser exists throughout. At fixed area and total mean curvature the same
holds, by Scharrer and West [SW24|. For the evolution, Rupp, Scharrer and
Schlierf give global existence and convergence for the constrained gradient
flow below energy thresholds they compute [RSS24].

In each of these the second term of Eq. (1) plays no part. On a closed
surface the Gauss-Bonnet theorem gives [ K'dA = 2mx(X), so that term
equals 27k x(2) and is constant on each topological type. Fixing the type
reduces Eq. (1) to its first term, and the saddle-splay modulus never enters;
Rupp, Scharrer and Schlierf drop it for this reason, and it is dropped through-
out the literature just cited. Membrane fusion is a sequence of topology
changes, so along a fusion pathway that term is not constant. It is the only
part of Eq. (1) that responds to the topology at all, and its behaviour across
a change of type is what we describe.

We attach two integers to a fusion pathway and determine what each
of them governs. The surfaces of a pathway carry the proximal and distal
classes of Section 2. A monolayer carries a unit director field giving the mean
orientation of its molecules, which agrees with the surface normal where the
molecules stand normal to the surface and tilts away from it where they do
not, and A is the difference of the two classes’ director degrees. In Section 3
that degree is shown to be a homotopy invariant of the director field, so that
A is insensitive to lipid tilt of any magnitude, and

A = nq —np, np+nqg = A (mod 2),

where n. is the number of surgeries performed on class c. Hemifusion is there-
fore an odd surgery number, and no intermediate shape has to be identified
to detect it.



4 ALEJANDRO J. SOTO FRANCO

What one topology change costs is computed in Section 4, and the com-
putation reduces to a single identity for surfaces of revolution. From it the
—47 carried by a pore rim is seen to be independent of the rim’s profile, of
its two radii, and of which surface inside a leaflet of finite thickness is taken
to represent it. A hemifusion diaphragm carries two such rims, in the sense
made precise there, and hence —8.

Section 5 treats the region a pathway sweeps in R? x [0,T], given the
product metric. The region one leaflet class sweeps is a compact oriented
cobordism between the initial and final surfaces of that class, on which the
time function is a Morse function whose critical points are the surgeries.
The bordism class of the endpoints carries nothing, since every closed ori-
ented surface bounds, so what A measures is a property of the cobordism
with its handle decomposition. Halving the Euler characteristic of an odd-
dimensional cobordism gives the surgery number a second time, without
reference to the director degree. That region is also a hypersurface in flat
four-space, and its scalar curvature reduces by the Gauss equation to twice
the Gaussian curvature of the slice at any instant at which the flow stops,
so the saddle-splay integrals below are the static part of a curvature integral
over it. The surgery number is then a curvature integral over the bound-
ary of the swept region. Section 6 determines which of the two integers the
energy resolves: under a single modulus it is a function of their sum, so A
carries the information the energy discards, and A enters the energy exactly
when the two classes carry different moduli. Section 6.3 evaluates the energy
of one surgery at the measured modulus and compares the result with the
measured barrier for pore nucleation. Section 6.4 restores the tension term
the rest of that section sets to zero, which turns the open-pore energy into a
barrier. That barrier is in the hundreds of kg1 at every line tension anyone
has measured, so the rim is reached after the barrier and not at it.

Section 7 asks what a pathway costs in the term the sections before it set
aside. A bilayer of half-thickness £ holds every principal curvature below £71,
which bounds the Willmore gradient, its linearisation and the coefficients of
that linearisation; along the constrained gradient flow the Willmore energy
is nonincreasing, and every topology change needs W > 8, so all of them
fall in an initial interval. The slab also forbids the pinch an e-regularity
estimate would govern, which makes an event a cut at a finite scale and its
cost computable: a merge dissipates at least 47 less the integral of H? — K
over the tube it inserts, which is positive for any tube below 47¢? in area,
and a fusion stalk is that object. A pore attains the bound, and returns
the rim energy Section 6.3 computes by another route. The floor reaches
47 as the tube vanishes, and a pathway meeting it there performs at most
W(0)/2m — x(0)/2 — 1 events, which k round vesicles attain. Section 8 then
treats the cases in which the construction fails.

The geometric input is classical, save for one estimate. Beyond Gauss—
Bonnet we use the degree of the Gauss map and Hopf’s theorem; Morse
theory and the handle calculus of cobordisms, together with the halving of
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the Euler characteristic in odd dimensions; the Gauss equation for a hyper-
surface of a flat space, which gives Proposition 5.2; the Steiner formulae for
parallel surfaces, which give Theorem 4.8; and, for the setting in which the
saddle-splay term survives a degeneration, curvature measures in the sense
of normal cycles, following Pokorny and Rataj [PR12|. The estimate is the
sharp Michael-Simon Sobolev inequality of Eq. (22), whose constant 2,/7 is
Brendle’s [Brel9, Cor. 2|. The thresholds 47 and 87 that Section 7 works
against are Willmore’s [Wil65] and Li and Yau’s [LY82, Thm. 6]. We con-
struct no minimiser and no flow. What we take from Eq. (1) is its second
term, which Section 6.1 shows is the only one a topology change moves; the
first enters in Section 6.3, where the rim’s bending energy is what a measured
line tension turns out to bear on, and again throughout Section 7. Existence
for the full energy across a topology change rests on the constrained minim-
isers cited above, which exist at every genus and every ratio. What no such
theorem supplies is a principle selecting the pathway between two types, and
Section 8 says where that leaves the construction.

2. LEAFLETS, CLASSES AND PATHWAYS

2.1. Monolayers as surfaces. A lipid bilayer is two monolayers, each a
densely packed sheet of amphiphiles whose hydrocarbon tails face those of
the other. On the scale at which fusion happens the sheet is thin against
every radius of curvature it takes, and the standard continuum description
replaces it by a surface carrying a bending energy quadratic in curvature
[Hel73]. The differential geometry of that description, and the stresses it
implies, are set out by Deserno [Des15].

Two features of it carry the constructions below. The first is that the
energy of a closed surface contains the term [ KK dA, whose value is 2rkx
and which therefore changes only when the topology does. The second is
that the two monolayers are distinct surfaces: they slide against one another,
they are separated by the hydrophobic core, and a quantity defined on one
of them is not defined on the other. Much of the fusion literature works with
the bilayer as a single surface and recovers the monolayer structure where
it is needed. The constructions below need it throughout, so it is built into
Definition 2.1.

Definition 2.1. A configuration is a finite disjoint union ¥ = | |, ¥; of
closed oriented embedded surfaces in R3, together with a map assigning to
each component a class, written p for proximal and d for distal.

Assumption 2.2. Distinct monolayers are separated by the hydrophobic
core or by water, and therefore share no point.

Assumption 2.2 is a statement about the physical structure and is assumed
here. What it forbids is a process in its own right. Without it the two leaflets
of a single bilayer could merge with each other, which is that bilayer fusing
with itself; the result is again an unstable single sheet, and the pore nucleated
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inside it opens the membrane to its own exterior, joining no compartments.
Section 8 computes what follows from that failure, so the two cases are
distinguishable.

2.2. Origin of the classes. The classes come from the geometry of two
apposed vesicles. The leaflets bounding the gap between them are proximal
and the remaining two are distal, and the distinction is the organising one in
the fusion literature: the stalk that opens first joins the two proximal mono-
layers alone, and the distal pair is untouched until later [KKO02|. Reviews of
the mechanism take that ordering as the definition of the pathway [CKO03;
CKO8.

Two accounts of what follows the stalk have competed since the 1990s.
In one the stalk expands radially into a hemifusion diaphragm, a single
bilayer separating the two compartments, which is unstable and decays by
nucleating a pore inside itself [KCK02|. In the other an inverted micellar
intermediate forms and resolves directly [Sie93|. The same energetics ties
both to the lamellar-to-inverted-hexagonal transition of phosphatidylethan-
olamine [SE97]. What separates the routes is which class acts at which step,
and that is what Definition 2.1 records.

The Gaussian modulus that weights a topology change has been measured
by simulation of a closed membrane [HBD12|, by analysis of the lamellar-to-
cubic transition [SK04], and by a method that reads it off a controlled change
of topology [GD26]. That last is the closest prior art to what follows, since
it determines the energy of a topology change from the Euler characteristic
alone, with no shape entering. This paper resolves that characteristic into
the two classes, and the pair of integers which results carries information
their sum does not.

2.3. Surgeries and pathways.

Definition 2.3. A surgery on a configuration replaces two components of
the same class, or one component with itself, by their connected sum along
an embedded handle, leaving the other components unchanged.

A surgery lowers the Euler characteristic of the affected class by 2 and
preserves the partition, the resulting component inheriting the class its par-
ents share. A merge of components of different classes admits no consistent
class assignment and falls outside Definition 2.3; that case is rupture and is
treated in Section 8.

Definition 2.4. A pathway is a family of configurations ¥(¢), indexed by
t € [0,T7], smooth in ¢ away from finitely many times 0 < t; < --- <ty < T,
at each of which one surgery occurs. Write n, and nq for the number of
surgeries performed on each class. The surgery number of the pathway is
n = np + ng.

The pathway tracked throughout begins with two apposed vesicles, so
that each class consists of two spheres. Stalk formation is one surgery on
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the proximal class and pore formation is one on the distal class, so complete
fusion has np = nq = 1 and surgery number 2, while hemifusion is the state
between them, with n, = 1 and nq = 0. Definition 2.4 requires neither that
the two occur in that order nor that both occur, and Section 3 shows that
the order leaves a trace.

Whether a pathway of this kind arises as a solution of some dynamics is
a separate question, and one the paper does not need until Section 7. The
statements of Section 3 to Section 6.3 hold for any family of configurations
meeting Definition 2.4, and are therefore statements about the bookkeeping
of a topology change, silent on any mechanism producing one.

3. DIRECTOR DEGREE AND CLASS IMBALANCE

A lipid monolayer carries a unit director field n giving the mean orientation
of its molecules. Without tilt n coincides with the surface unit normal V;
in general n = (N +t)/|N + t| for a tangential tilt field ¢.

Proposition 3.1. Let ¥ be a closed oriented surface with unit normal N,
and let t be a continuous tangential field. Then deg(n) = deg(N) = x(X)/2
for every t, with no bound on |t|.

Proof. Let ng = (N +st)/|N + st| for s € [0,1]. Since ¢ is tangential and N
is a unit normal, [N + st|? = 1+ s%[t|2 > 1, so n; is defined and continuous
on ¥ x [0,1] and gives a homotopy from N to n. The degree of a map to S?
is a homotopy invariant. The value x(X)/2 for the Gauss map follows from
Gauss-Bonnet together with [ K'dA = 4w deg(N). O

An expansion of [ K dA in the tilt holds to first order, and the correction
is not small at a fusion intermediate. The degree requires no expansion,
which is why Definition 3.3 is exact.

Remark 3.2. The homotopy requires n- N > 0, and n- N = (1 + [t|?)~ /2
is positive for every finite tilt. An inverted director is therefore beyond the
reach of tilt of any magnitude, and this is where the degree and y separate.

Definition 3.3. For a configuration classified as in Definition 2.1, let D(c) =
> s.ecdeg(ni). The class imbalance is A = D(p) — D(d) € Z.

Theorem 3.4. Let a pathway start from two apposed vesicles. Then at every
time

A = ng — nyp, (2)
where n. 1s the number of surgeries performed on class ¢ up to that time.

Proof. Each class initially consists of two spheres, so D(p) = D(d) = 2
and A = 0. By Proposition 3.1, D(c) = x(c)/2 at all times. A surgery
on class ¢ lowers x(c) by 2, hence D(c) by 1, and leaves the other class
untouched. Therefore D(p) = 2 — n, and D(d) = 2 — nq, and subtracting
gives Eq. (2). O
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FIGURE 2. A rim as the inner half of a torus, meeting two
coaxial faces radially. The profile’s radial direction cosine
is —1 where the tube leaves the upper face and +1 where
it reaches the lower one, so by Lemma 4.1 the rim carries
[ KdA = —27(1 — (—1)) = —47 whatever the profile does
between the joins. The waist, in red, is the least radius, which
places the faces outside the turn and fixes the sign.

Corollary 3.5. With n = ny,+nq, we have n = A (mod 2). A pathway has
performed an odd number of surgeries if and only if A is odd.

Proof. n — A = (np, +nq) — (nqa — np) = 2ny,. O

For the standard pathway the values are as follows.
state n, ng D(p) D) A
unfused 0 0 2 2 0
stalk 1 0 1 2 -1
fused 1 1 1 1 0

A vanishes at both endpoints and is non-zero at hemifusion, the endpoints
are separated by the total degree 4 — n, and the sign of A names the route.
A simultaneous merge of both classes holds A = 0 throughout, so the im-
balance records the order of the two surgeries. Corollary 3.5 sharpens this:
hemifusion is an odd surgery number, and no intermediate shape has to be
inspected to detect it. The converse fails: (3,0) and (1,0) are both odd and
carry different invariants, so parity alone leaves A undetermined.

Remark 3.6. Reversing the director convention globally flips the sign of A,
the antipodal map having degree —1 on S?. That A vanishes at the endpoints
and not at hemifusion is independent of the convention.

4. RIMS

The surgeries of Section 3 are realised by rims: a monolayer arrives along
one face, reverses, and departs along the other (Fig. 2). We compute the
integral a rim carries in Lemma 4.1 and draw four consequences from it.
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Lemma 4.1. Let X be the surface of revolution generated by a reqular profile
s+ (r(s), z(s)) with r >0, over s € [so,s1]. Then

7,,/ S1
KdA = 277 | —— . 3
/ |yl 3

Proof. For such a surface
/ /A N )
K_Z((T/er fz;)a dA =rvr? + 2% dsdu,
r(r z

so integrating over u € [0, 27] gives

S1 ! l//_ 1.1
/KdA:%/ 02
> s

L (24 22)32

Differentiating /(> + 2/2)~/? and collecting terms identifies the integrand
as minus that derivative, which gives Eq. (3). O

The bracketed quantity is the cosine of the angle between the profile’s
tangent and the radial direction, so Eq. (3) reads the integrated Gaussian
curvature of a surface of revolution off the two endpoints alone.

Theorem 4.2. Let a rim join two coazxial planar annuli tangentially, arriving
radially at one and departing radially at the other. Then frimKdA = —4,
independently of the profile between the joins, of the ring radius, and of the
tube radius.

Proof. Tangential arrival at the upper face gives 2’ = 0 and ' < 0 there,
so the direction cosine is —1; departure at the lower face gives +1. By
Lemma 4.1 the integral is —27(1 — (—1)) = —4m, and neither radius enters.

O

A circular arc, an elliptical arc of arbitrary aspect ratio and a polynomial
profile sharing only the end slopes all give the same value, as Theorem 4.2
requires. One consequence removes a mechanism.

Corollary 4.3. No deformation of a rim that preserves its joins changes the
saddle-splay energy it carries. A rim relaxing out of a semi-toroidal shape
carries the same energy as the semi-torus.

Relaxing the tangency instead moves the curvature onto the joins, and
what carries it there is not a function.

Definition 4.4. For a piecewise-smooth closed surface > with smooth pieces
meeting along joins, the curvature measure is

p = KdA + [k ds, (4)

the second term supported on the joins and carrying the jump in geodesic
curvature across each, in the sense of normal cycles [PR12|. Gauss-Bonnet
reads pu(3) = 2mx(2).
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Every statement below that writes [ K dA over a configuration with joins
means g, and the two agree wherever the surface is C1'. The next theorem
is the Lebesgue decomposition of p on a rim.

Theorem 4.5. Let a rim meet its faces at profile angle 1 € (0,7/2], so that
the direction cosine at the ends is Fsinvy. Then, for any profile, the abso-
lutely continuous part of p carries —4mwsin, its singular part is supported

on the two junction circles and carries —4n(1 —sin), and p(X) = —4n for
every .

Proof. Immediate from Eq. (3), the total being pinned at —47 by Gauss—
Bonnet for the closed configuration. ([

Corollary 4.6. As v — 0 the absolutely continuous part of p vanishes and
u converges weak-x to —4m 6, where C' is the circle the two junctions merge
into. For ¢ continuous,

/sod;w = —4ro(C) + O(¥),

the error carrying @’s variation across the rim and vanishing identically for
© constant near it. Absolute continuity fails in the limit and the mass does
not.

Proof. The absolutely continuous mass is —4wsiny by Theorem 4.5, so it
leaves at rate v, and the singular part is carried at the single radius p(7mF1),
which tends to that of C'. Pairing both against ¢ and expanding gives the
stated error. The limit is carried by a circle, a set of zero area, so no density
represents it: the mass per unit area on a collar about a junction diverges
as the collar shrinks. (]

The total is therefore independent of ¢ while the decomposition is not: the
whole of p is present at breakthrough, concentrated on the junction circles,
and relaxing the profile only moves it into the rim’s interior. Corollary 4.6 is
the reason the saddle-splay term survives a topology change, and it is used
in that form in Section 6 and Section 7.

Theorem 4.7. A hemifusion diaphragm carries two rims, its pore rim and
its outer Tim, each an inner half-torus. Their curvatures add to —8m, inde-
pendently of the diaphragm’s radius and of the pore’s.

Proof. The sign of a rim’s curvature is fixed by the side on which its faces lie.
At a pore the membrane lies outside the turn, at radii above the waist; at
the diaphragm’s edge the merged proximal monolayer likewise arrives from
large radius, turns, and returns. Both are inner half-tori, and Theorem 4.2
gives each —47 with no dependence on either radius. U

This is the geometric form of the statement that a rim is a handle: each
changes xy by —2, so two change it by —4. The opposite half of a torus,
whose faces lie inside the turn, returns +4m, and the whole torus returns
zero. An independent elastic calculation reports that omitting the Gaussian
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merged proximal

diaphragm —4r

FIGURE 3. Meridional section of a hemifusion diaphragm
carrying a pore, with the axis of revolution vertical through
the centre. Outside the diaphragm’s edge there are four
monolayers, the two distal leaflets outermost and the merged
proximal monolayer between them closing the water gap; in-
side the edge the two distal leaflets are in contact and form the
diaphragm. Each class turns once. The distal pair turns at
the pore and the proximal sheet at the diaphragm’s edge, and
both turns place their faces at radii above their own waist,
which by Theorem 4.7 gives each of them —4m. Two radii fix
the configuration: a, where the distal pair turns through the
pore, and b, where the merged proximal sheet turns. Neither
is written R, which Section 5 uses for a scalar curvature. The
distal pair is in contact over an annulus inside b, and that
annulus is the diaphragm, so a widening pore retracts it and
it closes when a reaches b. The pair separates a little inside
b, as the drawn flare shows, the bilayer opening over a finite
width. Theorem 4.7 holds for every a and every b.

term underestimates a fusion pore’s energy by —8m&,, [SK04, p. 6], the same
coefficient.

A monolayer is a slab some two nanometres thick, and the integrals above
are taken over a surface inside it. That choice does not matter.

Theorem 4.8. Let ¥y be the parallel surface at offset t. Then
K;dA; = KdA, H,dA; = (H — Kt)dA, (5)
pointwise, for every t at which Xy is reqular.

Proof. In principal directions the shape operator of ¥; is S(I —5)~! and the
area Jacobian is det(I —¢S) = (1 —tk1)(1—tk2). Hence K; = K/ det(I —t5),
which gives the first identity, and 2H; det(I —tS) = kq(1—tko)+ko(1—tky) =
2H — 2t K, which gives the second. O
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distal diaphragm

proximal

pore rim

S

FIGURE 4. The configuration of Fig. 3 as a body of revolu-
tion with a wedge cut away, and below it the same object
once a pore has nucleated in the diaphragm. Distal monolay-
ers are red and proximal are gold, as in Fig. 1. Beside each
body is its meridional half-section at the same scale, turned
about the axis drawn at its left, so that the layering and the
number of pieces are both legible: above, the two distal leaf-
lets are in contact over the diaphragm and are two surfaces;
below, they are one, joined round the pore’s rim. That is
the second surgery of Definition 2.3 seen as a change in the
number of pieces, which a section alone cannot show, a sec-
tion through a disc and a section through an annulus differing
only in where the profile stops. The two radii @ and b are the
ones Fig. 3 marks, drawn here as dimension lines below each
section; their values differ from that figure’s because the radii
are drawn at Rout/hout = 2.1 against its 3.2, so that the pore
is a fifth of the width.

Corollary 4.9. Fvery saddle-splay total in this paper is independent of which
surface inside the leaflet carries it. The bending term is not.

Theorem 4.8 is classical for parallel surfaces, and the asymmetry between
the two identities in Eq. (5) is what Corollary 4.9 rests on. It also fixes the
relation between the moduli of a monolayer and of its bilayer. Since K dA
is invariant, two leaflets contribute exactly 2k,, K with no correction at any
offset, and the renormalisation of the bilayer’s effective saddle-splay modulus
comes from the bending term. Matching coefficients of the quadratic form
gives Ky = 2K, and

Rbi = 2Rm + 8kmecod + 4f£mc(2)(52, (6)
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critical level

(0)

FIGURE 5. The cobordism W, of one class, with one space
dimension suppressed, so that a slice is a curve and W, is a
surface. Slices are the level sets of ((z—1)24y?)((z+1)2+y?),
which are two ovals below the critical value, one above it, and
the lemniscate at it. The critical level is drawn in red and its
node is the only critical point of the time function, of index
one, since the Hessian there is diag(—4,4). By Proposition 5.1
the number of such points is n., and here it is one. Both slices
at ¢ = 0 belong to the same class, so the merge is a surgery
in the sense of Definition 2.3.

whose first-order truncation is the form carried in the literature [SG00, p. 2|.
Reading Rp; off the coefficient of K overcounts, since 2kH? contains kk;ko
of its own.

5. GEOMETRY OF THE SWEPT REGION

A pathway sweeps out a region of R x [0, T], which we give the product
metric, so the ambient is flat R* and nothing here is a claim about a physical
spacetime; the dynamics of a membrane is a dissipative gradient flow, whose
own geometry is Riemannian on a space of shapes and is not what we use.

5.1. Cobordism and the surgery number. Write W, for the region the
class ¢ sweeps, that is, the union over t of ¥.(¢) x {t}. Away from the
surgery times W, is a product, and at each surgery two components of 3.
merge along a handle. Thus W, is a compact oriented 3-manifold with

W, = .(0) U S.(T),

a cobordism between the initial and final surfaces of that class, and the time
function t: W, — [0,7] is a Morse function whose critical points are the
surgeries. A merge of two components is an index-one critical point, and
attaching a 1-handle to a 3-manifold lowers the Euler characteristic by one.

The bordism class of the endpoints carries nothing. Every closed oriented
surface bounds, so ng = 0 and any two configurations are cobordant; the
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same holds after the classes are remembered, since the bordism group of
a two-point space is a sum of two copies of ng. What A measures is a
property of the cobordism together with its handle decomposition, and not
of the bordism class of its ends.

The Euler characteristic of an odd-dimensional compact manifold with
boundary is half that of its boundary, so

X(We) = 3x(0We) = 3 (X(Ze(0)) + x(Ze(T))). (7)

Comparing this with the handle number gives a second proof of Theorem 3.4,
independent of the director degree.

Proposition 5.1. The number of surgeries performed on class c is

Ne = %(X(Zc(o)) _X(EC(T))))

and equals the number of index-one critical points of the time function on

We.

Proof. Building W, from the collar ¥.(0) x [0, 7] by attaching one 1-handle
per surgery gives x(We) = X(Ze(0)) — ne, since x(Ze(0) x [0, T]) = x(Ze(0))
and each 1-handle lowers x by one. Substituting Eq. (7) and solving for n.
gives the first claim, and the identification of n, with the number of index-one
critical points is the construction itself. O

Proposition 5.1 and Proposition 3.1 give D(c) = x(3.)/2 at each end, so
Theorem 3.4 follows again on subtracting the two classes. Equation (7) is
the source of the identity: what enters the bookkeeping of a fusion pathway
as a halving is the Euler characteristic of an odd-dimensional cobordism.

5.2. Second fundamental form of the cobordism. Let ¥; move by a
normal velocity v, so that W, is immersed by X(u,t) = (F(u,t),t) with
O F = vN and N the unit normal of the slice. Write @ = (14 v2)1/2, let hyp
be the second fundamental form of 3; with respect to IV, and let K and H
be its Gaussian and mean curvature, so trh = 2H and det(h%,) = K. The
frame E, = (0,F,0), Er = (vN, 1) gives

g = gpo?d?, = Ty o L (e Ouvy (8)
w w \Opv Opv

The metric is block diagonal, which is what makes the frame adapted, and A
splits into the second fundamental form of the slice, the surface gradient of
the normal speed, and the normal acceleration. Two pathways through the
same instantaneous surface can share the first block and differ in the second,
so a cobordism carries data no slice determines.

Since the ambient is flat, the Gauss equation gives the intrinsic curvature
of W from A alone, and its scalar curvature is Ry = (tr S)% —|S|? = 202(9)
for S = g;[}A.
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Proposition 5.2. In the frame Eq. (8),

2K 2(2H O — |Vol?
) w

Proof. Work at a point in an orthonormal frame of the slice, so gy = [
and h = diag(ki, k2). Then S% = h%/w, S% = V/w, STy = Vyv/=?
and ST7 = 0yw/w3. Now 02(S) is the sum of the principal 2 x 2 minors.
The minor on the slice directions is det(h/w) = K/w?, and the two minors
pairing a slice direction with 7" sum to

_ 2 _ 2
Z(SaaSTT_SaTSTa) _ (trh)@tv4 |Vl _ 2H Oyv 4|Vv\ '

w w

Doubling the sum gives Eq. (9). O
Corollary 5.3. At an instant at which v =0 and Vv =0,
Rw = 2K + 4H 0.

The scalar curvature of W, is twice the Gaussian curvature of the slice exactly
when the normal acceleration vanishes as well.

A surface at rest is therefore not enough: a unit sphere with v = 0 and
Oyv = 1 has Ry = 6 against 2K = 2. The cobordism has to be at rest to
second order, which is the same condition under which its Gauss—Kronecker
density vanishes, since det S = (K 9y — k1(Vav)? — ka(V1v)?) /@ carries
the acceleration and not the velocity.

Every saddle-splay integral in this paper is the static part of a curvature
integral over W,. Against slice area and time the density is K/w+ (2H 0w —
|Vv|?)/w?, so for a traversal in which v, Vv and dv are all of order ¢ the
correction to K is 2H Oyv at order €, and —|Vov|? — %K’UQ at order ¢2. The
acceleration is felt first. The kinetic term carries the opposite sign to it, so
the correction has no fixed sign along a pathway and bounds nothing on its
OWl.

5.3. Curvature integral for the slab. Let Q C R* be the region the whole
pathway sweeps, whose boundary consists of the two cobordisms W, and
W4, two end caps, and the corners where these meet. Since € is a compact
domain in flat R*, the interior Chern-Gauss-Bonnet integrand vanishes and
Hopf’s theorem gives

X(Q) = deg(v) = det(dv) do, (10)

212 Joq
with v the outward Gauss map and 272 the volume of S. The integrand is
the determinant of the differential of . On a boundary of odd dimension
that differs in sign from the determinant of the shape operator, so we fix the

convention by the unit sphere, where dv is the identity and Eq. (10) returns
x(B*) = 1.
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Theorem 5.4. For a pathway whose components only merge,
2% det(dv) do = —3n.
T JWpU Wy

For a static pathway every smooth piece of 02 has det(dv) = 0, so all of x
sits in the corners, and what they give is Eq. (7) again. This is Definition 4.4
one dimension up: the integrand over the smooth pieces is the absolutely
continuous part and the corners carry the singular part, and a static pathway
is the extreme case in which the first vanishes. The pathway of Theorem 5.4
is the opposite one, where the corners contribute nothing new and W, U Wy
carries the mass.

5.4. Degree of the gradient. Theorem 5.4 constrains the two cobordisms
together. To divide it between them we compute what one transition con-
tributes, which is a local question with a closed answer. Each W, is locally
a graph over its three-dimensional slice-and-time coordinates, so it suffices
to treat

W = {(z,f(x) : = €R3} c R (11)
Write deg(V f) for the degree of Vf as a proper map R® — R3, which is
defined whenever |V f| — oo at infinity.

Lemma 5.5. Let f: R3 — R be smooth with NV f proper. Then the graph
Eq. (11) satisfies
% /W det(dv) do = £ deg(Vf).

Proof. Let H C S? be the open hemisphere on which the last coordinate is
negative, and let ®: R? — H send y to (y, —1)/(1+ |y[?)'/2, an orientation-
preserving diffeomorphism. The unit normal of Eq. (11) with negative last
component is v = (Vf,—1)/(1 + |Vf|>)Y/2, that is, v = ® o Vf. Now
det(dv) do is the pullback under v of the volume form of S?, so its integral
counts the volume of H with multiplicity and sign, giving deg(V f) - vol(H).
A hemisphere carries half the volume of the sphere, so vol(H) = 72, and
dividing by 272 gives the statement. U

Nothing in the proof asks that the critical points of f be nondegenerate,
or that they be isolated. The Morse case is the specialisation.

Corollary 5.6. At a nondegenerate critical point of index \ the Morse
lemma writes f in suitable coordinates as
f = a123 + asxl + azx3, a; = +1,

with A the number of negative signs. Then Vf = 2(a1z1,a2x2,as3x3) has
degree ajazaz = (—1)*, so the contribution is (—1)*/2.

Two graphs lie outside the Morse case. In f = 2% + 23 — xé the Hessian
drops rank at the origin, and the level sets pass from two components to
one, so this is a merge that the Morse lemma does not describe. Its gradient
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(221, 22, —4m§) is a homeomorphism of degree —1, and it carries —%, as a
nondegenerate merge does. The monkey saddle f = 23 — 372123 — x% has
deg(Vf) = 2 and carries +1, with no merge anywhere in it. The value

follows the degree of the gradient.

5.5. Division of the degree between the classes.

Proposition 5.7. For a pathway whose components only merge, and for
each class c,

5.2 e det(dv) do = L x(We, 2c(0)) = —3 ne.

Proof. The time function on W, is Morse, and away from its critical points it
is locally a product X x I. There the normal is constant along the I factor,
so dv has a kernel and det(dr) = 0; the degree is carried by the critical
points alone. Summing Lemma 5.5 over them gives %Zp(—l))‘(p), which is
half the relative Euler characteristic x(W;, £.(0)). Every critical point of a
merge has index one by Proposition 5.1, so the sum is —n,. O

Summing Proposition 5.7 over the two classes returns Theorem 5.4, since
n = np + nq. Subtracting them gives the statement this section has been
assembling.

Theorem 5.8. For a pathway whose components only merge,

/ det(dv) do — / det(dv) da] = 1A
Wy Wy

Proof. Apply Proposition 5.7 to each class and use A = nq — n;, from The-
orem 3.4. (]

1
272

Theorem 5.8 identifies the class imbalance with the asymmetry of a
curvature integral. A was defined in Section 3 by a degree attached to the
director field on a surface; here it is the failure of two four-dimensional
curvature integrals to agree.

Corollary 5.9. The two cobordisms carry equal curvature exactly when A =
0, and each then carries —%n/Q,

The fusion pathway has n, = nq = 1, so its two cobordisms carry —%

apiece and the division reads as a symmetry of the pathway. That is a
coincidence of its two surgery numbers. Hemifusion has n, =1 and nq = 0,
SO one carries f% and the other carries nothing, and the division is as uneven
as it can be. By Corollary 3.5 the parity of the sum detects hemifusion; by
Theorem 5.8 the difference detects which class has acted.
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6. MEMBRANE ENERGY ALONG A PATHWAY

A pathway is described by the pair (np, nq) of per-class surgery numbers,
or equivalently by the surgery number n = nj, + nq and the class imbalance
A =ng —np of Theorem 3.4. The change of basis is unimodular, so the two
descriptions carry the same information. This section places the saddle-splay
term inside the functional it belongs to, computes the energy as a function
of that pair, determines which of the two coordinates the energy resolves,
and sets the result against the measured energetics of pore formation.

6.1. Canham—Helfrich energy. Equation (1) is the part of the membrane
energy that survives at fixed area and fixed enclosed volume. In full, with a
tension o and a pressure difference Ap, the functional is

F5 = 2/4/(H—co)2dA + H/KdA +oolS 4 ApV,  (12)
by b

the Canham-Helfrich energy [Hel73; RSS24]. Expanding the square and
applying Gauss—Bonnet to the second term,

F =2rW — 4f<aco/HdA + (26¢f+0)|Z| + 2mREX(E) + ApV. (13)
b

Every term of Eq. (13) is an object this paper already carries. The first is
the Willmore energy of Section 7. The second is the area difference of Co-
rollary 7.16: since Ay — A_ = —4¢ [ H dA, the spontaneous-curvature term
equals (kco/l)(Ay — A_), so area-difference elasticity [Mia+94] is Eq. (12)
read in different letters. The last three are weighted by the quantities Pro-
position 7.17 holds fixed. The constrained flow of Definition 7.1 is therefore
the gradient flow of Eq. (12) at fixed volume, area and area difference, which
is the vesicle-shape problem as it is posed in the literature [RSS24].

Proposition 6.1. Along a pathway the only term of Eq. (13) discontinuous
at a surgery is 2wkx. Its jump is —4wk, and it carries none of K, cg, o or
Ap.

Proof. W, [HdA, |X| and V are integrals of densities bounded by
Lemma 7.6 over a domain whose measure varies continuously, and Co-
rollary 4.6 carries each across the singular instant. An index-one surgery
lowers x by 2 by Definition 2.3. O

Proposition 6.1 is what makes a saddle-splay accounting possible at all.
Whatever the other four moduli are, and however the surface is shaped, the
discontinuity of the membrane energy along a pathway is 47|&| per surgery.

6.2. Energy of a pathway.

Theorem 6.2. Let each surgery on class ¢ be weighted by a modulus K., so
that its saddle-splay energy is 4m|R¢|, and write k. = |R¢|. Then

E = 4r (kpnp + kana) = 27 [(kp + ka)n + (ka — kp) Al (14)
If ky = kq = k then E = 4wkn, a function of the sum alone, and OE/0A = 0.
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Proof. Substitute n, = (n—A)/2 and ng = (n+A)/2, which is Theorem 3.4.
]

Corollary 6.3. Under a single modulus, two pathways with the same surgery
number and different class imbalances carry the same saddle-splay energy,
and two pathways with the same imbalance and different surgery numbers
do not. The energy and the class imbalance are independent coordinates on

(np, nd)-

By Corollary 6.3 the class imbalance carries the information the saddle-
splay term discards. By Eq. (14) it enters the energy exactly when the two
classes differ in modulus, with coefficient 27 (kq —&p). The same difference of
moduli weights the transfer in Theorem 4.5, where a common value cancels.
One constant would therefore both give the energy of a rim’s relaxation and
allow A to be read from a measured energy.

Equation (14) is a statement about a pathway that passes through con-
figurations at which the saddle-splay integrand is not a function, so it needs
Definition 4.4 to be well posed. What Theorem 6.2 evaluates is u(X.), whose
value is 2wy (X.) at every instant including the singular ones, and Corol-
lary 4.6 is what carries it across them: the mass is what the class imbalance
is read from and the density is what the limit loses. An energy that read the
integrand pointwise would have nothing to evaluate at a surgery.

6.3. Rim energy against the measurement. Theorem 6.2 converts the
surgery number into an energy through one constant. This subsection states
the constant, computes the rest of the rim’s energy, and identifies which of
the two the measurements bear on.

The monolayer saddle-splay modulus has been measured twice for lipids of
the fusion-relevant class. Simulation of a closed membrane gives Ry, /Km =
—0.93 + 0.05 [HBD12, p. 5], and analysis of the lamellar-to-cubic transition
of DOPE-Me gives —0.83 +0.08 [SKO04, p. 4, Eq. 12]. The separation is 0.10
against a combined uncertainty of 0.094, so the two agree to 1.06 standard
deviations. Both lie inside the admissible range (—1,0) [She+06]. Two is
the number available: the width of the interval below is the uncertainty on
those two measurements, and the methods proposed since report no value for
these lipids, one measuring the modulus off a controlled change of topology
[GD26] and one off the stress—strain relation of a buckling disc [Wan+24].
With &y, = 9.66 kT, Theorem 4.2 puts one surgery at 4m|&,|, which is 91
to 119 kT across the two intervals.

Those are monolayer quantities, and the fusion literature reports a bilayer
one. The two accountings coincide. A bilayer fusion performs two surgeries,
one on each class, so Theorem 6.2 weighs it by 87|&,,| under a single modulus,
and Eq. (6) at ¢g = 0 gives kp; = 2R, so the bilayer jump —4mRy,; is the same
number and not a second estimate of it. Numerically it is 182 to 238 kpT,
against the 250 kpT quoted from a bilayer modulus rounded to —20kpT
[Bot+24, p. 2]; Eq. (6) puts kp; at 19.3 kT here, and that rounding accounts
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for the difference. The two accountings agree identically because K dA is the
invariant of Theorem 4.8: the two leaflets contribute 2k, K at any offset,
which is why Eq. (6) carries no correction in & and every correction in k.

By Proposition 6.1 that quantity is a constant offset in the free energy of
an open pore. It is not a barrier, and the state at which a nucleation barrier
is reported carries no rim: the free energy landscapes computed for eight
biological membranes define AGy, at a reaction coordinate §, = 0.92, which
is the state holding a thin transmembrane water wire, while the toroidal
pore appears only near &, ~ 1.5 [SAH24, pp. 7-9]. The quantity to compare
against is the open-pore branch, and on that branch the saddle-splay term
is one of two contributions. The other follows from the same geometry.

Proposition 6.4. Let the rim of Theorem 4.2 have pore radius R and tube
radius ¢, and write p = R/ > 1. At co =0 = Ap =0,

Feim = mr[p(p) = 8] — 4nF, I(p) = J%[W—Qarctan\/ﬁ]

p
(15)
Setting v = 7 + w gives I(p) = f:{%(p —cosw) ldw = > >0 cpp~ (VD)

with ¢, = fj/2 cos" wdw > 0, convergent for every p > 1, so

/2

7r 9 m

o < pllp) —mp—2 < —, 16

2p = 710 20— 1o
and therefore

TK i 7
rim = 2 e = 2 2K 5 — < <
F TR 57 7(3k + 28) + wrr(p) 2 r(p) 2 1)
(17)

The ¢y, do not sum, so Frim — 00 as p — 1.

Proof. On the inner half of the torus 2H = (R 4 2¢cosv)/(¢(R + {cosv))
and dA = /(R + fcosv)dvdy, so the bending density integrates to

(K /L) fj;;/Q(R + 20cosv)?/(R + fcosv)dv. The integrand divides ex-
actly as 4¢cosv + R%/(R + fcosv), whose first part contributes —8¢ and
whose second contributes R2I(p)/¢. The saddle-splay term is —47& by The-
orem 4.2. For Eq. (16), the folded integrand expands as ), cos™ w p~ (1),
uniformly on [—7/2,7/2] for p > 1; every ¢, is positive, which bounds the
tail below by its first term ca/p = 7/2p, and the ¢, decrease, which bounds
it above by c2 Y o pl ™" =7/2(p — 1). O

Corollary 6.5. Let p* = 1.5985... be the minimiser of p*I(p). At fized R,
Frim 18 stationary in £ exactly at £ = R/p*, and there Frim = 3.79 ... k—A4TR,
independent of R. A rim free to choose its tube radius carries no line tension.
At fized £ the same p* is the stationary pore radius R = p*/.

Proof. At fixed R the energy depends on ¢ through p = R/{ alone, so
its stationary points in ¢ and in p coincide, and the stationary value is
mr[p*2I(p*) — 8] — 47k, in which R does not appear. O
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FIGURE 6. The rim energy of Eq. (15) against pore radius
at Ky, = 9.66kgT, { = 1.4nm and K,, = —0.88 k,,, with
its two parts separated. Nothing is fitted. The saddle-splay
part is level, so it shifts the curve and never its slope, and
a fitted line tension measures the bending part alone. The
dashed wedge is the measured range of line tensions, hinged
on the model’s own curve at the midpoint of the window the
measurement is fitted over, so what is compared is the slope:
the wedge rises where the model falls.

Equation (17) splits the rim energy into a part proportional to the rim
length and a constant, and only the first is a line tension. That line tension
is mx/2¢, which is the quantity the same source builds from one principal
curvature 1/¢ over a cross-section of arc length 7¢ and correlates against its
simulations at a coefficient of 0.95 [SAH24, Fig. 6h|; the two constructions
agree where theirs is defined. At k,, = 9.66 kT and ¢ = 1.4nm it pre-
dicts 46 pN, against a measured range of roughly 35 to 95 pN over the eight
membranes.

The saddle-splay term is not in it. It is —47wk at every R, so its derivative
vanishes, and a line tension is a derivative. No measurement of a pore line
tension bears on & at any radius or for any lipid.

That settles the comparison. Of the two quantities reported, one cannot
see the saddle-splay term and the other is recorded before the rim exists.
Setting 47|R,,| against AGp,. compares a completed surgery’s topological
constant with a state that has not performed one, and the two do not measure
the same thing. Figure 6 draws the rim energy with its two parts separated,
which is where that is visible.
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What the measurement does bear on is the bending term, and there the
agreement holds only where Eq. (17) is derived. The reported line tensions
are fitted over 1.6 < R < 2.6 nm, which at / = 1.4nm is 1.14 < p < 1.86, and
Eq. (15) is far from its asymptote there: it exceeds it by 86% at the lower
end, it turns at R = 2.24nm inside the window, and a fit across the window
returns a negative slope. A rim of fixed tube radius therefore predicts a pore
that widens on its own at exactly the radii where the measurement finds
one that resists widening. That failure is entirely in the bending part, &
contributing the same constant throughout.

Corollary 6.5 says what the turning point is. At ¢ = 1.4nm it sits at
p*l = 2.24nm, and it is the aspect ratio a rim would choose if its tube radius
were free. Two things follow. A line tension exists at all only because £ is
pinned at the monolayer thickness, a released rim carrying none. The pinned
rim also has a stationary pore radius, so the model predicts a metastable open
pore at R = p*{, smaller for a thinner membrane. A metastable open pore is
reported for exactly one of the membranes measured, the thinnest [SAH24,
Fig. 3al.

Two remarks from the source point the same way. Helfrich theory “may
be taken as a series expansion of the free energy up to second order around
a flat reference geometry; thus, whether the theory is applicable to a highly
curved pore rim is unclear” [SAH24, p. 18|, and the rim’s curvature radius
is £, the monolayer thickness itself. Its own bending prediction, regressed
against its simulations, overshoots by about 1.6, read from the slope of that
regression [SAH24, Fig. 6h]. Nothing in either remark is about &.

The saddle-splay term is also the term that model omits, and its authors
say it should not be: the Gaussian modulus “is potentially relevant for pore
formation” because “the formation of a pore either constitutes the formation
of a boundary or a new topology” [SAH24, p. 17]. Proposition 6.1 supplies
it, and by Corollary 4.3 and Corollary 4.9 its value survives both a reshaping
of the rim and a change of which surface inside the leaflet carries it, neither
of which the bending term survives.

What remains empirical is the modulus. Whether £ takes a different
value on the highly curved set where the curvature concentrates is a question
about lipids, and it is the question Theorem 6.2 raises, which needs the two
classes’ moduli to differ. Testing it needs two things a slope cannot give: the
R-independent offset of an open-pore branch, and a rim whose tube radius
relaxes with the pore. The literature carries the same tension: including the
Gaussian term shifts published fusion pore energies by about 200 kg7 [SK04,
p. 6]. Tilt, which lies outside a surface model, is the mode the nucleation
free energy is found to track [SAH24, p. 18|, and at a trilaminar contact it
contributes an amount equal to the bending contribution [MA02, p. 12].

6.4. Tension and the pore barrier. Proposition 6.4 holds at ¢p = ¢ =
Ap = 0, which is why it carries an energy and no barrier. Tension is the
control an experiment turns, and restoring it costs one area computation.
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Opening a pore removes a disc of radius R from each of the two leaflets the
surgery joins and glues in the rim, so the area traded is

AA = 2rl(nR —20) —2nR* = 2n0*(np — 2 — p?), (18)

negative for a wide pore, so tension favours widening. Two discs are why the
quadratic carries 27: ¢ here is a monolayer tension and a symmetric bilayer’s
is twice it, which returns the classical coefficient. Ap couples to an enclosed
volume, and a pore releases that constraint rather than paying against it, so
it does not enter a planar landscape.

Proposition 6.6. With 7 = /2 /k the rim energy of Proposition 6.4 becomes
Fiim(p) = 7k [pQI(,o) — 8] — 47k + 27r/<;7'(7rp —2— ,02). (19)

It diverges as p — 1, has a minimum near the p* of Corollary 6.5, a mazx-
imum at some p. > p*, and falls without bound beyond it. As 7 — 0 the
barrier between the two approaches 73k /87, which is 7Y% /ow; at the line ten-
sion v = wr /20 of Eq. (17).

Corollary 6.7. The saddle-splay modulus enters Eq. (19) as a constant in
p. It therefore moves neither p* nor p., and it cancels from the barrier
Frim(pe) — Frim(p*), which is a function of k, £ and o alone.

Three quarters of a released rim’s energy is the saddle-splay constant by
Corollary 6.5, and none of it reaches the barrier to widening an existing pore.
What & does move is the height of the whole open-pore branch above the
intact membrane, so it enters a barrier measured from the intact state and
not one measured from a pore. That first leg runs through the water wire of
[SAH24, pp. 7-9], which carries no rim and which no surface model reaches.

Corollary 6.8. The minimum and the mazimum meet where F. = Fl =

0, at p = 1.7066 and T = 1.4769. Beyond that tension the pore widens with
no barrier at all, and the lysis tension is Tk /(2.

At Ky = 9.66 kT and £ = 1.4nm, k,,/¢* is 21.1 mN/m, so Corollary 6.8
puts the monolayer lysis tension at 31.2 and the bilayer one at 62.3 mN/m,
against the few mN/m at which vesicles of these lipids rupture. Those two
numbers answer different questions. A spinodal is where the barrier reaches
nothing; a measured rupture tension is where rupture proceeds at a rate,
with a barrier of order 25 kT still standing, so a spinodal has to lie above
it. The inequality is the expected one and it tests nothing.

What does test something is the barrier. At op; = 4.2mN/m it is 311 kT
and at 2.1 it is 683, so on this landscape nothing nucleates at any tension an
experiment reaches. The cause is not the rim drawn here. To leading order
the barrier is 72 /0y, a function of the line tension alone, and at v = 35 pN,
the low end of the measured range quoted in Section 6.3, it is still 180 kT’
at 5bmN/m. A barrier a laboratory timescale would cross needs v = 13 pN,
below that whole range. No repair to the bending geometry reaches it, and
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K has cancelled out of it by Corollary 6.7, so neither modulus is the quantity
at fault.

What is at fault is the identification of the saddle. A gap between 300 and
25 kT is a factor €27 in the rate, which is not a discrepancy to be tuned but
a statement that the membrane does not go this way. Section 6.3 reaches
the same conclusion from the measurement and without any of this: AGpyc
is defined at &, = 0.92, a state holding a water wire and no rim, while the
toroidal pore appears only near §, ~ 1.5 [SAH24, pp. 7-9]. The barrier is
crossed before the rim exists. The rim is therefore a post-nucleation object,
and the two arguments for that are independent: one counts the energy of
the rim and one observes where the measurement is taken.

Corollary 6.5 lets the tube radius follow the pore, and doing the same here
changes the problem. At o = 0 the energy is a function of p alone, both of
its terms being scale invariant, so the scale is free; the tension term is not
scale invariant, and it fixes one.

Proposition 6.9. Let Fiiy, be stationary in R and in ¢ together. Then the
traded area Eq. (18) vanishes, so

PP —mp+2 =0, pe = s(m+V/72—8) = 2.2545.. .,

the other root lying below 1. Nothing enters p.: meither modulus, neither
length, the tension, nor any feature of the bending profile. The scale is (. =
0.9204+/k /0, the energy there is 6.9575 k — 4nk and carries no tension at
all, and the Hessian in (R,{) has one negative eigenvalue.

Proof. Write the energy as kg(R/{)+2mo (7l R—2(*—R?). Its two derivatives
are kg'(p)/l+2ncl(m —2p) and —kpg'(p)/l+2mal(mp —4), and p times the
first added to the second removes ¢’ and leaves 2wol(mp — 4 + p(7 — 2p)),
which is twice Eq. (18). The scale then follows from either equation, ¢'(pc)
being positive since p, lies above the minimum p*. The traded area vanishing
is what removes ¢ from the value. O

The index is one within the two-parameter family of rims and the state-
ment is about that family. A surface model carries no coordinate for lipid
tilt, hydration or a hydrophobic defect, and the paragraph above puts the
membrane’s own saddle among exactly those, so this is a critical point of the
rim family and not the state the membrane passes through.

That the critical energy is independent of the tension is another reading
of the same fact: the critical rim sits where a pore trades no area, so tension
does no work there and can only move the scale, as \/k/0. At Ky, = 9.66 kT
and K, = —0.88k,, the barrier is 174 kg7, of which 107 is the saddle-
splay term. A relaxed rim reverses Corollary 6.7: measured from the intact
membrane rather than from an existing pore, < carries three fifths of the
barrier, and it is the quantity a composition moves.

Which picture applies is a question about the lipid. A rim cannot relax
past the molecule it is made of, so the relaxed critical rim is available only
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where ¢, < £, which at these parameters is op,; > 35.7mN/m. Below that
the critical tube radius exceeds the membrane’s own half-thickness and the
pinned picture is the physical one, which is the picture whose barrier is
hundreds of kgT'. The two readings agree that a continuum rim does not
nucleate a pore at any tension an experiment reaches, and they disagree
about what would help: the pinned barrier does not see & at all, and the
relaxed one is mostly k.

One consequence bears on what a composition can reach. A composition
that lowers the open pore’s energy, through % or through k, acts on a state
the membrane reaches after the barrier and not before it, so it moves the
depth of the open-pore branch and leaves the nucleation rate where it was.
The rate is set upstream of the rim, among the tilt, hydration and packing a
surface model carries no coordinate for, and Section 8 is where that boundary
is drawn.

7. DISSIPATION AND TOPOLOGY CHANGE

Section 5 and Section 6 give the energy of a pathway of a given surgery
number, and nothing so far bounds that number. This section bounds it
from the energy alone, and along the way closes the correction term left
indefinite in Proposition 5.2.

Throughout, ¥(¢) moves by a normal velocity of speed v, the second fun-
damental form is h with trh = 2H, and W(X) = [, H*dA. Under such a

motion

Oi(dA) = —2HvdA,  0;(2H) = Av+ |h|*v. (20)

7.1. Dissipation along the flow.

Definition 7.1. Let C' C L?(%,dA) be the span of the densities conjugate
to the constrained quantities, and let P be the orthogonal projection onto

C*. The pathway is a constrained gradient flow when v = —P(6§W), where
SW = AH + 2H(H? — K).

Proposition 7.2. Along a constrained gradient flow,

d T
—W = —}|P(5W)Hz2 <0, // v?dAdt = W(0) — W(T).
di 0 Jx@)

Proof. The first variation pairs the gradient against the normal speed, so
dw/dt = (0W,v) = —(0W, PSW). Since P = P? = P', that equals
—|[PW||2, which is also ||v||?. Integrate in time. O

The projection is what makes Proposition 7.2 apply to a membrane. A
vesicle conserves its enclosed volume and its area, and Proposition 7.17 be-
low adds a third constraint; each removes one direction from the admissible
velocities and none of them changes the sign.
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7.2. Integrating the correction of Proposition 5.2. Equation (9) car-
ries a term 2H ;v — |Vv|? of no fixed sign. Its time integral has one.

Proposition 7.3. For a closed surface moving by a normal velocity on [0,T],

T T T
// (2H o — |Vo|?) dAdt = [/ 2HvdA| +2// Kv?dAdt,
0 J=(@) (t) 0 0 Jx()

(21)

Proof. By Eq. (20), 8;(2H dA) = (Av + (|h|* — 4H?)v) dA. Integrating the
first term of the left side by parts in time therefore contributes — [ vAv —
J[(h|> — 4H?)v? together with the boundary term. On a closed surface
JvAvdA = — [|Vv|*dA, which cancels the kinetic term, and in two di-
mensions 4H? — |h|? = 2K. a

Corollary 7.4. Along a pathway at rest at both ends the correction is
2[f Kv?, negative exactly where the moving part of the surface is saddle-

shaped. If v is constant over 3(t) at each instant it is 47 fOT x(2(t)) v? dt.

7.3. Slab geometry and its curvature bound. A bilayer is a slab. Its
leaflets are the parallel surfaces of the mid-surface, and a parallel surface
degenerates.

Definition 7.5. The slab of half-thickness £ > 0 about X is the image of
¥ x [—4,¢] under (z,s) — = + sv(z). It is nondegenerate when that map is
an immersion.

Lemma 7.6. The area element of the surface at distance s is det(l —
sS)dA = (1 — 2Hs + Ks%)dA. A nondegenerate slab therefore has

1
‘k‘z| < -

2
sup |h? < .
¢ o

1
on X, hence stzlp |K| < 2 7
Proof. The area factor is (1 — sk1)(1 — sk2), equal to 1 at s = 0. Immersion
forbids either factor from vanishing on [/, ], so each keeps its sign there,

which is |sk;| < 1 for all |s| < /. O

Lemma 7.6 says that a membrane cannot bend more sharply than its own
thickness. It is the statement a blow-up argument would otherwise have to
assume, and here it is a property of the object.

Theorem 7.7. Along a constrained gradient flow of a nondegenerate slab of
half-thickness at least £,

T
2 / / Kv?dAdt
0 J()

Proof. Bound |K| by Lemma 7.6 and the remaining [ [ v? by Proposition 7.2.
O

2(W(0) — W(T))
52

2 W(0)

<
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Theorem 7.7 takes K in L and v? in L', which is one end of a family.
The other end is available and is sharper exactly where this paper works. It
asks for the normal speed in L*°, and the slab supplies all of that but one
term.

Lemma 7.8. On a nondegenerate slab of half-thickness at least ¢,
8
< =
Bl < o
attained at ki = 1/¢, ke = —1/3(. Along the flow of Definition 7.1 with
P =1 it follows that

|2H(H? —

8
< AH
8121p|v| < sup] \+27£3,

/T|]AH|]2 dt < 20W(0) - W(T)) + 2 / ()] dt.

0 L= 729 (6

Proof. In principal curvatures 2H (H? — K) = (k1 + k2)(k1 — k2)?. Every
interior critical point of that on the box |k;| < 1/¢ has k1 = ko, where it
vanishes, so its maximum lies on the boundary, and there it is (1 +¢)(1 —
t)203 over t € [—1,1], maximised at ¢ = —1/3 with value 5-¢~3. Lemma 7.6
puts the curvatures in that box. For the second statement, Definition 7.1
gives AH = —v —2H(H? — K); take suprema for the first and L? norms for
the second, using (a + b)? < 2a? + 2b? and Proposition 7.2. O

The area in Lemma 7.8 is not a further hypothesis: Proposition 7.15 in-
verts to |3 = (V — %7%3)() /2¢ at fixed enclosed volume, which Definition 7.1
holds fixed. For P # 1 the same statements hold with Ao + A1 H 4+ Ao K ad-
ded to AH, where the multipliers are the coordinates of (1 — P)dW in the
basis of Proposition 7.17; the slab bounds H and K, and the multipliers are
bounded by |[dW]||2 through the inverse Gram matrix of that basis, which
is invertible away from the degeneracy noted after Proposition 7.17.

Proposition 7.9. Along the same pathway,

T
2 / / Kv?dAdt
0 J=(@)

T
< 2 sup \UIQ/O (2W(t) — 2mx(t)) dt

IN

o T
(sup |AH| + 27e3> /0 (2W — 27y dt.

Proof. |K| = |kika| < 3(k? + k3) = L|h|? pointwise, so [|K|dA < € =
2V — 271y by Lemma 7.19. Pair that against sup |v|? and apply Lemma 7.8.
O

The two are not ordered. On a catenoid neck of waist ¢ the total absolute
curvature is 47 tanh ¢, independent of ¢, while sup |K| = ¢72, so the ratio
of the two bounds grows without limit as the neck closes: curvature concen-
trates, and an L°° norm is blind to a large value on a small set. On a sphere
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the two differ by the area alone. Theorem 7.7 needs a curvature ceiling,
which Lemma 7.6 supplies from the leaflet separation; Proposition 7.9 needs
sup |[AH |, which the rest of this subsection supplies. Each closes the gap the
other leaves.

What Lemma 7.8 leaves is reached by differentiating the dissipation iden-
tity once more. The terms that appear are bounded by a ladder whose rungs
the slab and Lemma 7.8 already supply.

Proposition 7.10. Write A = ||AH|/z2(s). On a nondegenerate slab of
half-thickness at least ¢,

IVH|7. < €71 E[V2A,
IVHE = A%~ [ KIVHPAA < A%+ 02| VH]E,
by
1
N
83|

VAl = AIVH—2 [ mandaas [|ntad < 4VHE + S5

IVH|7s < —=(IVH V2 H| 2 + € VHI]72),

Proof. The first is [ |[VH|?> = — [ HAH on a closed surface with sup |H| <
¢=! by Lemma 7.6. The second is Bochner’s identity in two dimensions,
where the Ricci curvature is Kg, with sup |[K| < ¢72. The third is the
Ladyzhenskaya interpolation, run through the sharp Michael-Simon Sobolev
inequality

2 ([ aa)” < [ VRIPRAPE A,

where 2|H| is the length of the mean curvature vector. It holds on a closed
surface with the constant n|B™|'/™ at n = 2 [Brel9, Cor. 2|, and in codimen-
sion one because a surface in R? is one in R* [Brel9, p. 2|. Take f = |VH|>+¢
and let ¢ — 0: the square root is at most |V f| + 2f|H|, while |V|VH|?| <
2|VH||V2H| by Cauchy-Schwarz on the contracted index and |H| < ¢~1.
The fourth is Simons’ identity Ah;; = ViVj(QH)—i—QHhikhkj —|h|%h;;, paired
with 2% and integrated: the leading term is 2 [ AV, V,;H = —4 [ [VH|? by
Codazzi’s V7 hj; = 2V;H, and 2|H|| tr 3|+ |h|* < 8¢~ pointwise on the box
of Lemma 7.6, attained at an umbilic corner. O

The fourth rung reaches the whole second fundamental form and not its
trace. In two dimensions the two are independent: V(2K) = 8HVH —
2hjkvihjk, and the trace-free part of VA is unconstrained by VH, so no
bound of the form |VK| < C|VH| holds. The ladder terminates all the
same: its top rung asks for nothing above AH, which Lemma 7.8 bounds in
L? of spacetime.
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Proposition 7.11. The linearisation of W in the normal direction v is
Lv] = A%+ a"V; Vv + bFVio + cv with

¥ = (H? -2K)g¢" + 2HRY,
V' = 6HVFH + 2nMV;H — 2V*K,

¢ = 4HAH +2h9V,;V,;H — AK + 6|VH|? + 12H* — 14H*K + 2K*.
On a nondegenerate slab of half-thickness at least € the coefficients obey

2
2 ¢ 0

the first two attained at ki = —kg = £71.

ja| < il < of

1
+ VA + ?4)’

Proof. Under a normal motion dg;; = —2vh;; and dh;; = V;V,v — vhikhkj,
whose trace is the second half of Eq. (20). These give 0K = 2HAv —
h¥V,;V v + 2HKv and, through 6T and Codazzi, 6(Af) = 20hV,;V, f +
(2h(Vv) — 2HVv + 20V H,Vf). Apply both to 6W = AH + 2H(H? — K)
and collect by the order of the derivative falling on v. For the bounds, a is
diagonal in principal directions with entries H? — 2K +2Hk;, whose modulus
is at most 2072 on the box of Lemma 7.6; b is a curvature against a first
derivative of curvature, and VK is one by V(2K) = 8HVH — 2h/*Vhjy;
and AK carries |Vh|? by the same identity differentiated once more. O

Corollary 7.12. On the round sphere of radius v, b = ¢ = 0 and L =
%A2+r*2A. Its eigenvalue on the k-th spherical harmonic is %)\k()\k—%”)
with A\ = k(k + 1)r=2, which vanishes exactly at k € {0,1} and is positive
thereafter.

Proof. The sphere is umbilic, so every derivative of curvature vanishes and

the quartic 12H* — 14H?K + 2K? vanishes at H> = K; a collapses to
-2

rT°g. ([

The kernel in Corollary 7.12 is four-dimensional, spanned by the constant
and the three linear spherical harmonics, and it is the tangent space at
>} to the four-parameter family of round spheres: one dilation and three
translations, both of which leave W at 47. That is the check on ¢. Any error
in it moves the eigenvalue at k = 1 off zero and puts a translation outside
the kernel.

Proposition 7.13. Along the flow of Definition 7.1 with P =1,
d2
de?

where L is the operator of Proposition 7.11, and

W = 2/UL[U]dA + 2/HU3dA,
P 2

T
/0 lAvlZadt < C(6, 1S, W(0), [0(0)]]12),

so that fOT supy; |v|2 dt < co.
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Proof. dW/dt = — [v*dA and 8;(dA) = —2HvdA by Eq. (20), so dif-
ferentiating again gives —2 [v 0w + 2 [ Hv?, and 8y = —L[v]. Integrat-
ing in time, fOT2fUL[v] = [lv(O)[72 — lo(T)|I52 — 2f0Tf Hv3. The prin-
cipal part contributes [ (Av)? after two integrations by parts. Of the rest,
| [vaV2e] < 26 2o 2 V20l 2 with [ 9202, < A0, + £ 2[Tol2, by
Bochner; | [vb - Vol < [blgallolzs Vol with b2 < CO VAl g2,
which is the fourth rung of Proposition 7.10; and the term of ¢ carry-
ing AK moves both derivatives onto v?, since [(AK)v? = [KA(v?) =
2 [ K (vAv+|Vv|?), which Lemma 7.6 bounds and which removes |Vh/|? from
the estimate altogether. The surviving terms of ¢ pair ||AH ||z, |[VZH]| 2
and |[VH (|7, against ||[v]|7,, all rungs of Proposition 7.10. Finally | [ Hv?| <
M ollzellollFe with [[o]|7e < 7 V2(oll 2] [Voll 2 + €7 [v]172), which s
Eq. (22) at f = v2+¢, and HVUH%Q < ||v||z2||Av||z2. Young’s inequality puts
each under any prescribed fraction of ||AUH%2, and Proposition 7.2 bounds
|v]|z2. The last statement is the Sobolev embedding H?(X) — C%(¥) in
two dimensions. O

Every coefficient in Proposition 7.13 is bounded by Lemma 7.6 and Pro-
position 7.10, so the estimate rests on the slab and on the flow. The one
quantity it takes from outside is the constant of Eq. (22), which is 21/7 and
is sharp, attained on the flat disc and on nothing else [Brel9, Thm. 3]. With
it, Proposition 7.9 closes.

Corollary 7.14.

T
< 2(2W(0) — 27 min x(t)) / sup |v|? dt,
t 0 X(¢)

T
2 / Kv?dAdt
0 JX(t)

and the right side is finite by Proposition 7.13.

The supremum belongs inside the time integral, which is all Proposi-
tion 7.9 ever needed and is strictly less than a supremum over spacetime.
That is where the gap was: Proposition 7.2 controls v in L? of spacetime
and never in L{®, so a bound written with sup, rests on more than the flow
supplies.

The asymmetry is not an accident of which pairings were tried. Holder
at conjugate exponents bounds the correction by ||K|/r»|v||%,,, and the

curvature side is available at every p, since |K[P < || K ||% | K| pointwise gives
| K[| » < £7201/P) (2 — 27x) /P interpolating Lemma 7.6 at p = oo with
Proposition 7.9 at p = 1. The speed side is available at p = oo alone, since
||v]| 72 over spacetime is what Proposition 7.2 supplies and every finite p asks
for a higher norm. The family therefore has one computable member, which
is Theorem 7.7, and Proposition 7.9 complements it without improving on it.
What Corollary 7.14 changes is a different thing: it removes the supremum
over spacetime, which is the one quantity the flow never controls, and leaves
the second member conditional on the form of L alone.

2
L2p
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A neck of waist radius ¢ carries |k| = 1/c there, so a nondegenerate slab
requires ¢ > £: the neck cannot close, and a pathway must be cut at the
leaflet separation. The embeddedness condition of the rim in Section 4 floors
a pore at the same length, so one cutoff serves both.

Proposition 7.15. The slab has volume V = 2(A + %7%3)((2). At fixred V
and fized £ a surgery changes the area by AA = —%7%2 Ax.

Proof. Integrate the area factor of Lemma 7.6 over s € [—¢,¢]. The term
linear in s is odd and drops, leaving 2¢ + %@K pointwise, and p(¥) =
2. ([

A surgery therefore costs a definite area, set by the thickness alone: at
¢ = 1.5nm a pinch moves 47¢2/3 ~ 9.4nm? some twenty-six lipid head
groups. A surface model cannot see this, the shift vanishing with £.

Corollary 7.16. The two leaflets differ in area by Ay —A_ = —4f fz HdA.
Proof. Subtract the two area elements (1$2H {+K 62) dA and integrate. [

Corollary 7.16 is the relation on which area-difference elasticity is built
[Mia+94, Eq. 2.4], obtained here from Lemma 7.6. Its left side counts lipids
and its right side is a geometric invariant of the mid-surface, and ¢ converts
one into the other.

Proposition 7.17. Under a normal motion of a closed surface,

(5/dA:—/2HvdA, 6/HdA:—/deA,
by b b by

and ) vol = fz vdA. The three constrained quantities are therefore conjugate
tol, 2H and K.

Proof. The first and third are Eq. (20) and the divergence theorem. For
the second, Eq. (20) gives 0,(HdA) = (3Av + (3[h|? — 2H?)v) dA, and
2|h|* — 2H? = —K in two dimensions, while [ AvdA = 0. O

Lipids do not exchange between leaflets on the timescale of a pathway, so
Ay —A_isfixed, so [ H dA is fixed by Corollary 7.16. The three constraints
of Definition 7.1 are thus conjugate to 1, H and K, and they span a three-
dimensional subspace except where K is an affine function of H pointwise.
Spheres, cylinders and tori of revolution all satisfy such a relation, so the
degeneracy is not rare.

7.4. Total squared curvature and the confinement of events.

Definition 7.18. The total squared curvature of a configuration is £(X) =
Js. |n[*dA.

Lemma 7.19. £ = 4W — 4wy, it is invariant under % — pd, and € >
2W > 8mm for a configuration of m components.
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Proof. |h|?> = 4H? — 2K and u(X) = 27y by Definition 4.4, which is what
the second term means at a configuration carrying joins. Both terms are
scale invariant. Pointwise kf + k3 > £ (k1 +k2)?, and W > 47 on each closed
component [Wil65]. O

Scale invariance is what a blow-up argument requires of £, and neither the
area nor the enclosed volume has it. A catenoid of any waist carries £ = 8,
and the part of it within half-height £c carries 87 tanh £, the same function
of the same neck parameter that governs the saddle-splay accrual and the
bending energy of the capped neck. A pinching neck therefore concentrates
81 of £ into a ball of shrinking radius, and by Lemma 7.6 it stops short of
doing so.

Theorem 7.20. Let W be nonincreasing along a pathway. FEvery surgery
occurs at a time in {t : W(t) > 8n}, which is an initial interval. Once the
energy falls below 8w the diffeomorphism type of ¥(t) is constant, and below
272 every component is a sphere.

Proof. A surgery passes through a configuration with a point of multipli-
city two, where W > 8r [LY82, Thm. 6]. The limit configuration is not
smooth, so the bound is applied to it in the setting of Definition 4.4, where
Corollary 4.6 preserves the total mass through the degeneration and lower
semicontinuity of W carries the inequality to the limit. A nonincreasing
function is below 87 on a terminal interval. The second statement is the
genus bound of [MN12]. O

Theorem 7.21. Write m(t) for the number of components. Then m(t) <
W(0)/4m throughout. A pathway on which no component splits performs at
most m(0) —1 < W(0)/4m — 1 merges, and a pathway on which none merge
performs at most W(0)/4m —m(0) splits. A pathway with both satisfies only
the difference of the two numbers.

Proof. The first is Lemma 7.19. A merge lowers m by one and m > 1, which
gives the second. A split raises m by one and lowers £ by 8, since x rises
by 2 while W is continuous across the cut, so n splits require £(0) — 8wn >
8w (m(0) +n) by Lemma 7.19; with x(0) = 2m(0) that is the third. A merge
raises £ by 87 and a split restores a component, so an interleaved pathway
satisfies m(0) — 1 > #merges — #splits and no more. O

Both bounds are attained. For k round vesicles W(0) = 47k and The-
orem 7.21 returns exactly the k — 1 merges they need; for one round sphere
it returns no splits, and for a dumbbell at YW = 8x exactly one.

Remark 7.22. Theorem 7.20 and Theorem 7.21 need only that W is nonin-
creasing, which Proposition 7.2 supplies for any number of constraints. An
external force f not derived from the energy gives dW/dt = —||PSW|? +
(6W, f), and for f = 20W that is ||PSW|? + 2||[(1 — P)SW|? > 0. A
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membrane that fuses more often than Theorem 7.21 allows is therefore be-
ing driven, and the work done on it is at least 4wk, per event beyond the

bound.

7.5. Minimisers and the flow. The threshold of Theorem 7.20 is not pro-
prietary to this account. Three numbers order the Willmore energy of a
closed surface, and each is attained: 47 at the round sphere and nowhere
else [Wil65], 272 at the Clifford torus and nowhere else in positive genus
[MN12], and 87 as a floor at any point of multiplicity two [LY82, Thm. 6].
They are distinct and in that order, 47 < 272 < 8.

The genus-one minimum sits below the threshold. A torus can therefore
exist at energies at which Theorem 7.20 forbids any event, so the threshold
is a statement about events and not about genus: it bounds when the type
may change, never which types occur. That is the sense in which A and W
are independent coordinates, as Corollary 6.3 has it for A and the energy.

The same number arrives from the evolution. The Willmore flow from
initial data of small energy exists for all time and converges to a round sphere
[KS01], and the threshold for that is 87, since “the only Willmore spheres
with Willmore energy smaller than 87 are round spheres” [Schll, p. 28|. A
surface below 87 therefore flows to a sphere without changing type, which
is Theorem 7.20 read forwards in time. The static route through |[LY82] and
the dynamic route through [KS01]| give the same 8, and Theorem 7.21 is
the counting form of it.

The constrained problem is settled at every genus. At fixed isoperimetric
ratio a minimiser of sphere type exists at every ratio [Schll|; at genus g > 1
one exists at every ratio at which the constrained infimum lies below 8
[KMR14, Thm. 1.2]; and that condition holds at every genus and every
ratio in (0, 1), by a comparison surface built from catenoidal bridges over a
solution of the linearised Willmore equation |[KM21, Thm. 1.2]. Under the
constraints of Definition 7.1 the matching statement is available at fixed area
and fixed total mean curvature [SW24, Thm. 1.1], which by Corollary 7.16
is fixed area difference, and for the full Eq. (12) at sphere type [MS20|. For
the constrained gradient flow of Eq. (12), global existence and convergence
hold below computed energy thresholds [RSS24|. The threshold in every one
of these is 8w, which is Theorem 7.20’s. Each fixes the topology. A pathway
does not, and Section 8 returns to what that costs.

7.6. Cost of a cut. Section 5 splits the surgery number between the classes
and Section 6 gives its energy. One number is left, and Theorem 7.21 is finite
as soon as it is positive.

Proposition 7.23. Let t; < --- <ty be the event times of a pathway along
which W is nonincreasing, and suppose W(t;) —W(ti+1) > n > 0 for each i.
Then

W(0) — 8

Ui

N < 1+



34 ALEJANDRO J. SOTO FRANCO

Proof. Every t; lies in {WW > 8x} by Theorem 7.20, so the N — 1 drops sum
to at most W(t1) — W(tny) < W(0) — 8. O

The interleaved case, which Theorem 7.21 constrains only through the
difference of the two counts, therefore needs a floor on the dissipation between
consecutive events. The slab supplies one. A pathway on a nondegenerate
slab never pinches, since Lemma 7.6 floors every neck at ¢, so an event is
a cut made at a finite scale, and not a singularity of the flow. A cut has a
computable cost.

Write k[y] = f,y kqyds for the total geodesic curvature of a seam, taken
with the conormal pointing into the region named.

Lemma 7.24. Let D C X be a disc. Then
W(D) > 2w — k[0D],

with equality exactly when D is umbilic. The flat disc and every spherical
cap attain it.

Proof. H> — K = (3(k1 — k:g))2 > 0 pointwise, so W(D) > [, K dA, and
Gauss-Bonnet on a disc gives [, K dA = 2nx(D) — k[0D] with x(D) = 1.
Equality forces k1 = ks throughout. On a sphere of radius a the cap of polar
half-angle 6 carries W = 27(1 — cos #) against a seam of 27 cos 6, which sum
to 27 at every 6; the seam is a geodesic at § = 7/2 alone, and the flat disc
carries nothing against a seam of 27. (I

A seam term is constrained by what the merge puts on the other side of
it, and the two seams of a merge carry the tube.

Lemma 7.25. Form X' from ¥ by removing two discs Dy and gluing an
annulus N along 0D, U OD_, with X! of class C' across both seams. Then

K[OD.] + K[0D_] = — /N K dA.

Proof. Write ¥, = X\ (D4 U D_), the part both surfaces retain. Along
either seam the tangent plane of N agrees with that of 3., and so with that
of the disc removed, since both surfaces are C! there, so a seam carries one
geodesic curvature up to the conormal. The annulus occupies the side of the
seam its disc vacated, which is the side away from ¥, so the conormal into

N is the conormal into that disc and is not reversed. Gauss—Bonnet on N
reads [y K dA + k[ON] = 2rx(N) = 0, and k[ON] is the sum above. O

A pore fixes the sign, both of its terms being elementary. Its two removed
discs are flat, so each seam term is 2w by Gauss—Bonnet and their sum is 4,
while the rim it glues in carries fN K dA = —47 by Lemma 4.1, whatever its
profile and radii. A cut whose seams are geodesics into a tube of vanishing
Gaussian curvature reports nothing here, both sides being zero.
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Theorem 7.26. Let a merge remove two discs Dy C 3 and glue in a tube
N as in Lemma 7.25. Then

WE) -wE') > 477—/ (H? - K)dA,
N
an equality when both discs are umbilic. The integrand is nonnegative, so the
drop never exceeds 47; it exceeds 4w — |N|/{?, and so is positive whenever
the tube has area below 4ml?.

Proof. W(X) — W(X) = W(D4) + W(D-) — W(N), each disc obeys
Lemma 7.24, and Lemma 7.25 carries the two seam terms onto the tube,
where they join W(NN) as the single integrand H? — K. That integrand is
(3(k1 — k:g))2, which is half the squared trace-free second fundamental form
and is at most =2 on the box of Lemma 7.6, attained at ky = —ky = ¢~ L.
For sharpness, two round vesicles of radius ¢ joined along their equators by
a cylinder of radius ¢ and length L carry 47 + wL/2c¢ against the 87 they
carried apart, a drop of 4w — wL/2c which is the bound exactly, the caps
being umbilic, and which reaches 47 as the two touch. ([l

Writing h=h-H g for the trace-free part of the second fundamental
form, H?> - K = %|h|2, and [ |h|? is invariant under conformal maps of
the ambient space. Seams that are geodesics give | y K dA = 0 and return
4m—W(N), so the general form contains that one and sharpens it, the tube’s
Willmore energy giving way to its conformally invariant part. At £ = 1.4nm
the area condition is a tube below 24.6 nm?, which at radius ¢ is a length
below 2.8 nm, and a fusion stalk is that object.

Corollary 7.27. The pore of Theorem 4.2 attains Theorem 7.26, and the
value attained is —W(N), the bending part of Eq. (15) divided by 2. A pore
costs bending energy and releases none.

Proof. The two discs a pore removes are flat, hence umbilic, which is the
equality case of Lemma 7.24, and each carries a seam term of 27. Its rim
carries [ y K dA = —47 by Lemma 4.1 whatever its profile and radii, which
is —(2m+2m) as Lemma 7.25 requires. The floor is then 47— (W(N)+4r) =
~W(N), and W(Dy)+W(D_) —W(N) = =W(N) is the change itself. [

At the aspect ratio p* of Corollary 6.5 that is —1.895, so a released rim
costs 3.79x in bending, which is Corollary 6.5 reached along a second route.

A minimal tube shows how much the seams can cost. A catenoid has
H = 0and K < 0 everywhere, so a catenoidal neck of waist a and half-height
w has [y KdA = —4wtanh(w/a), its seams carry 4w tanh(w/a) between
them, and the floor is 471'(1 - tanh(w/a)): positive at every finite length and
decaying as the neck draws out. That the seam sum is nonzero is exactly
what stops a catenoidal neck from meeting both its seams as geodesics, so
a hypothesis of a geodesic cut would exclude the minimal tube outright.
The floor 47 is the constant in the connected-sum inequality W(X1#Xs) <
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W(E1)+W(X2)—4r [SW24, Thm. 1.2], strict there because the round sphere
is excluded and attained here because it is not.

The hypothesis of the next theorem should be read against that. The-
orem 7.26 returns 47 only where the tube’s trace-free curvature integrates
to nothing, which on an annulus is the vanishing tube of the family above,
and the integrand (%(k:l — lfg))2 is largest exactly at k1 = —ky, the shape
a neck takes. A stalk at the area threshold above leaves little of the floor.
What follows therefore describes pathways whose necks are small against ¢,
and Proposition 7.23 is what a smaller 7 leaves.

Theorem 7.28. Along a pathway on which W is nonincreasing and every
merge meets Theorem 7.26 with n > 4x, the total number of events is at most

E(0) — 87 _ W) x(0) .
8T 2 2 ’

and this is attained: k round vesicles give exactly k — 1.

Proof. £ = 4W — 47y by Lemma 7.19, so an event changes it by 4AW —
4w Ax. A split raises x by 2 and cannot raise W, so it lowers £ by at least 8;
a merge lowers y by 2 and lowers W by at least 4, so it lowers £ by at least
87 as well, the topological gain being cancelled exactly. Between events yx is
constant and W nonincreasing, so £ is nonincreasing there too, and £ > 8
throughout by Lemma 7.19. For k round vesicles £(0) = 8k. O

The split needs no floor of its own. It is the merge that pays, and it pays
exactly enough: at n = 47 the 87 a merge gains in £ by lowering x is spent
in full on the bending energy, so both kinds of event spend from the same
£ and the interleaved case is bounded by the same number as either pure
case. Below n = 27 that cancellation fails, a merge returns £ to the pathway,
and the two counts have to be bounded separately: Proposition 7.23 for the
merges and Lemma 7.19 for the splits.

8. LiMITS

8.1. Failure of the partition. A surgery merging components of different
classes admits no consistent class assignment, the resulting component being
required to inherit both. A therefore has no value after such an event. This
is rupture, and it separates the fusion route from the failure route. The
separation rests on the partition and not on y, and so survives arbitrary tilt
by Proposition 3.1.

The two components need not belong to different membranes. When
they are the proximal and distal leaflets of one bilayer, the event is that
bilayer fusing with itself: the sheet it produces is again unstable, and the
pore nucleated inside that sheet opens the membrane to its own exterior,
destroying it. Assumption 2.2 excludes this by hypothesis, and nothing in
the construction excludes it otherwise.
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8.2. Three leaflets at one stratum. The partition is a two-colouring,
and three components meeting along a common stratum admit no injective
assignment of two classes. The outer rim of a hemifusion diaphragm is where
three bilayers meet, and would be such a stratum at the bilayer level. Under
Assumption 2.2 the three monolayers passing that rim share no point, the
pairwise intersections are empty, and inclusion and exclusion has nothing to
subtract. The union’s Euler characteristic is then the plain sum, and were
the three to share a stratum it would differ by twice that stratum, so the
assumption changes the answer and is visible in it.

8.3. Variation of the modulus. Every energy statement here reduces
J RK dA to 2mky, which requires & outside the integral. Continuity suf-
fices in the limit, the singular part of Eq. (4) taking the modulus’s value on
the set where Corollary 4.6 concentrates it. A modulus that jumps across
the rim does not survive: no single value then reproduces the two-valued
weighting of Theorem 4.5, and the two ends of the family disagree. This is
the undetermined constant of Section 6.3.

A modulus varying over the surface, and not across the rim, is a differ-
ent object and is under active study. Raising & from —k to nearly zero on
the merging region alone, at —k elsewhere, takes a computed fusion barrier
from 226 kT [Bot+24, p. 2] to 16kpT at kK = 20kpT, and to 39kpT at
k =50kpT |Bot+24, p. 4]. The mechanism is the one this subsection names,
stated from the other side: “kg would go under the integral sign, loosening
the Gauss—Bonnet theorem constraint” [Bot+24, p. 2]. Proposition 6.1 is
exactly the statement that fails when it does, and 4x|r| is what a variable
modulus puts in question. The value approached is “close to the stability
limit with respect to saddle deformations” [Bot+24, p. 2|, so such a vari-
ation runs to the edge of the same interval (—1,0) that Section 6.3 works in
[She+06] and no further.

That variation is over position. Theorem 6.2 needs a different one, over
class: the two leaflets carrying K, # Kq at the same point of space. The two
are independent, and only the second makes A visible in an energy.

8.4. Scope. The surgery number, the class imbalance, the parity and the
rim’s —47 are geometry and are exact. Converting a surgery into an energy
runs through a modulus measured in flat and mesophase geometries, and
Section 6.3 shows that neither quantity reported for a pore tests it. The
floor of Theorem 7.26 asks of a merge that the glued surface be C' across
both seams and that the tube be an annulus, which is what lowering x by
two amounts to; it asks nothing about where the cut is made.

Section 6.4 carries a barrier and it does not carry a rate. What it prices
is the open-pore branch, and the leg from the intact membrane to the first
rim runs through a state holding a water wire and no rim at all [SAH24,
pp. 7-9], which is where a nucleation free energy is reported and which no
surface model reaches. That leg is the gap between an energy landscape and
a nucleation theory, and it is molecular: tilt is the mode the measured barrier
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tracks [SAH24, p. 18|, and a surface has no coordinate for it. Everything
this paper computes about a pore is therefore a statement about a state the
membrane occupies after nucleating one, which is the right reading of 47|, |
as well.

Nothing here produces a minimiser or a flow. What Section 7.5 imports
instead is an existence theory complete at every genus: minimisers of W at
fixed isoperimetric ratio exist at genus zero [Sch11, Thm. 1.1], at genus g > 1
below 87 [KMR14, Thm. 1.2], and therefore at every genus and every ratio
[KM21, Thm. 1.2]. Two of the three constraints of Definition 7.1 are fixed
area and fixed total mean curvature, and there a minimiser exists at every
genus too [SW24, Thm. 1.1], while Eq. (12) itself has one at sphere type
[MS20]. Each fixes the topology, and a pathway does not. What remains
open is a variational principle selecting the pathway between two types.
Theorem 7.28 bounds how many events such a principle may produce, and
produces none of them.
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